Cat states are coherent quantum superpositions of macroscopically distinct states and are useful for understanding the boundary between the classical and the quantum world. Due to their macroscopic nature, cat states are difficult to prepare in physical systems. We propose a method to create cat states in one-dimensional quantum walks using delocalized initial states of the walker. Since the quantum walks can be performed on any quantum system, our proposal enables a platformindependent realization of the cat states. We further show that the linear dispersion relation of the effective quantum walk Hamiltonian, which governs the dynamics of the delocalized states, is responsible for the formation of the cat states. We analyze the robustness of these states against environmental interactions and present methods to control and manipulate the cat states in the photonic implementation of quantum walks.
I. INTRODUCTION
Schrödinger cat states can be defined as quantum superpositions of macroscopically distinct states of a quantum system [1] [2] [3] [4] . Due to their macroscopic nature, cat states play an important role in fundamental tests of quantum theory and precision measurements [5] [6] [7] [8] . Numerous attempts are being made to prepare cat states in various physical systems [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
The macroscopic superposition, which makes the cat states interesting also makes them hard to create in physical systems. This is because of the difficulty in controlling the evolution of macroscopic quantum systems while preserving the coherence in the state. Quantum walks inherently involve the coherent evolution of a macroscopic system.
In a quantum walk process, a quantum walker propagates on a lattice where the propagation is conditioned over its internal states (the coin states) [28, 29] . The quantum walker, unlike its classical counterpart, preserves the coherence during the propagation which results in a faster spread of the walker over the lattice as compared to the classical random walks. Quantum walks have been extensively studied to devise quantum algorithms [30] [31] [32] [33] [34] and to simulate various quantum phenomena .
Here we propose a method to prepare the cat states in a one-dimensional discrete time quantum walk (DTQW) * weiwei.zhang@ucalgary.ca † skgoyal@iisermohali.ac.in ‡ gaofei bupt@hotmail.com § sandersb@ucalgary.ca ¶ csimo@ucalgary.ca using delocalized initial states of the walker. The quantum walks can be implemented on virtually any quantum system that meets the requirements (a lattice and a coin). Thus, our proposal provides a platform-independent methods to create cat states, which enables us to test the fundamental theories on more accessible systems.
In Ref. [56] , Cardano et al. implemented a onedimensional quantum walk on the orbital angular momentum (OAM) space of a single photon, following the proposal of Refs. [57, 58] . In this experiment, they demonstrated that the state of the walker, which is delocalized initially, evolves to form a bimodal distribution that resembles a cat state. Their experimental finding, which is consistent with their numerical calculations, motivates the research to find the cause of the formation of cat states and analysis of the stability of these states against the decoherence in quantum walks.
Here we start with a Gaussian (delocalized) initial state and prove that it evolves to form a cat state. We clarify the conditions for the formation of the cat states for the entire range of the parameter θ, which characterizes the bias in the coin flip in the quantum walk. The linearity of the dispersion relation of the low-momentum effective Hamiltonian, which governs the dynamics of the delocalized states, is shown to be the reason for the formation of the cat states in the one-dimensional quantum walks. Furthermore, experimentally viable methods are proposed to demonstrate the coherence in the presence of environmental interactions. Our analysis of the effects of decoherence on the quality of the cat states show that large separations in the cat states are possible even in the presence of noise. Finally, we provide a method to stabilize and manipulate the cat states over the OAM of light.
The structure of the article is as follows: we provide the relevant background regarding the one-dimensional quantum walks in Sec. II. In Sec. III and IV we present our numerical and analytical findings. We discuss the effect of decoherence on the cat states in Sec. V. Method to control and manipulate the cat states are presented in Sec. VI. We conclude in Sec. VII.
II. BACKGROUND
In this section, we present the relevant background of the one-dimensional quantum walks. We describe the regular coined quantum walks on a one-dimensional lattice, its generalization and the Hamiltonian, which governs the dynamics of the quantum walks. We conclude the section with an optical implementation scheme where the walk is performed over the OAM of a light beam.
A. One-dimensional discrete time quantum walks
In a one-dimensional DTQW the walker propagates on a one-dimensional lattice. The movements of the walker on the lattice are conditioned over the state of a twostate quantum coin. Each step in the walk consists of a coin-flip (C) followed by the conditional propagation (S). If {|↑ , |↓ } represents a set of two orthogonal states of the coin then the coin-flip operator C reads [59] 
where the parameter θ ∈ [0, 2π). The conditional propagator S instructs the walker to move forward (F = x |x + 1 x|) or backward (F † ) on the lattice conditioned over the states of the coin,
Here x is the index for the lattice sites. Thus, the quantum walk propagator Z reads
Repeated action of the propagator Z gives rise to the quantum walk dynamics. One-dimensional DTQW has been generalized to simulate various dynamics. One of the most interesting generalizations is where a phase, which is linear in the position, is introduced after every step of the quantum walk [60, 61] . The operator F m which gives the sitedependent phase reads
where Φ is an independent parameter. The subscript m in the operator F m is just a reminder that the operator F m is a shift operator in the momentum space. The propagator for the generalized quantum walk reads
This generalized quantum walk demonstrates various interesting properties such as Bloch oscillations and quasi-periodic dynamics [61] . If the strength of the parameter Φ is set to be Φ = 2π/p, where p is a positive integer, then the walker recovers its original state after 2p number of steps for odd p and after p number of steps for even p. This feature can be used to restrict the spread of the walker on the lattice.
B. Quantum walk Hamiltonian
The Hamiltonian H that governs the quantum walk dynamics can be calculated by substituting
where δt is the duration of a single step in the quantum walk. Here we have taken ≡ 1. From the definition of the conditional propagator S in (2) and the operator F , we can assert that the propagator Z and the Hamiltonian H are translation invariant. Thus, the Hamiltonian H can be block diagonalized in the momentum (or Fourier transform) basis {|k }
Here we have considered a lattice of size N with periodic boundary condition, where N is taken to be much larger than the number of quantum walk steps. The variable k represents the (quasi-) momentum that can take discrete values between −π and π in the integer multiples of 2π/N . The Hamiltonian H(k) in the momentum basis can be calculated by expanding the position eigenstates {|x } in the momentum basis {|k } as
By substituting Eq. (8) into the definition of the propagator Z and using Eq. (6) we arrive at
Here σ is the vector (σ x , σ y , σ z ) of Pauli spin matrices and
) is a three dimensional real vector, which reads
Interestingly, for small values of the parameter θ and small k, the Hamiltonian H(k) takes a special form that resembles a two-component Dirac Hamiltonian (see Appendix A). In this limit the effective Hamiltonian, which we represent by H d , reads
In the Hamiltonian H d (k) the parameter θ characterizes the mass of the particle.
C. Implementing quantum walks in optical system
In this section, we describe an implementation scheme to realize a one-dimensional quantum walk on the OAM of light. This scheme was proposed in [58] and experimentally demonstrated in [56] . The purpose of this section is to familiarize the readers with an implementation scheme for the cat states in the quantum walks. Using this implementation for the one-dimensional quantum walks we will propose a method to manipulate and control the cat states.
In this implementation scheme, the OAM of light serves as the lattice and the polarization is used as the coin. The conditional propagator S (2) is constructed by means of a q-plate which is a device that couples the OAM of light with its spin angular momentum (polarization) [62] . The action of a q-plate on the combined state of the OAM and the polarization is given by
where |L and |R are the left-and right-handed circular polarization of light, and |ℓ is the OAM state that has angular momentum proportional to ℓ . The half-integer parameter q characterizes the q-plate. A half-wave plate with its fast axis parallel to the horizontal axis interchange the left-and right-handed circular polarization. Therefore, a q-plate with q = 1/2 followed by a half-wave plate give rise to the conditional propagator S (2).
The coin-flip operator C (1) can be implemented using the Simon-Mukunda polarization gadget [63] . This gadget is a combination of one half-wave plate and two quarter-wave plates, and can be used to realize an arbitrary SU(2) operation on the polarization of light. Hence, the quantum walk propagator Z can be simulated using a q-plate, a half-wave plate, and a Simon-Mukunda polarization gadget in series. Placing these three components in a loop can realize a one-dimensional quantum walk on the OAM of light.
III. CAT STATES IN QUANTUM WALKS
In this section, we demonstrate the formation of the cat states in the one-dimensional DTQW. We show that the walker in a delocalized (Gaussian) initial state evolves to form a cat state. We present methods to analyze the cat nature of the evolved state of the walker.
Quantum walk evolution, typically, results in a bimodal distribution of the walker on the lattice. In Fig. 1 , we plot the probability distribution of the walker at time t = 90, 120, 150 steps for localized and delocalized initial states. In Fig. 1a , the initial state of the walker is localized at the origin. The state of the walker evolves to a bimodal distribution with a residual probability between the two components of the distribution. The residual probability signifies the overlap between the two components of the distribution. Hence, the evolved state is not a cat state.
In Fig. 1b , we start with a delocalized initial state |Ψ(0) de of the walker
which has a Gaussian probability distribution. We find that the delocalized state |Ψ(0) de evolves to a state |Ψ(t) de after time t that has the bimodal probability distribution with vanishing residual probability between the two components of the bimodal distribution. Here we have chosen the width σ of the Gaussian to be sufficiently large (about 10 lattice sites). |χ c is a normalized initial state of the coin, and N is the normalization constant. The two components of the bimodal distribution can represent macroscopically distinct states of the walker. Hence, the evolved state can be seen as a cat state. In the remainder of this section, we analyze the conditions required for the evolved state to be a cat state.
A. Small θ case
We start with a simple case when the parameter θ is small. In this limit, the quantum walk Hamiltonian can be approximated to a two-component Dirac Hamiltonian H d (14) . In this limit, the quantum walk can be used to simulate quantum relativistic effects such as Klein paradox and Zitterbewegung [38, 43] . Thus, this limit can be considered as the relativistic limit of the quantum walk.
The parameter θ in the Dirac Hamiltonian H d characterizes the mass of the particle. For θ = 0 the Hamiltonian H d represents a massless particle. If the initial state of the walker in the momentum space is
then the evolved state, for the case θ = 0, reads
Here, the two orthogonal spin components of the particle propagate in the opposite directions independent of each other. Due to the linear dispersion relation in the Dirac Hamiltonian, the evolution does not result in the spreading of the wave function of the particle, which results in the formation of cat states. The same feature, namely, the non-dispersive behaviour of the wave function, persists for non-zero values of θ as long as θ is small. Thus, cat states can be formed in the relativistic limit of the one-dimensional quantum walks.
B.
Arbitrary θ case
In the limit when θ is large, the Dirac description of the quantum walk breaks down, therefore, one might not expect to observe the cat states. In Fig. 2 , we plot the probability distribution of the walker over the lattice at different times. Here we have considered two different dynamics for the walker, one where we use the exact quantum walk evolution to propagate the walker on the lattice and other where we use Dirac Hamiltonian to propagate the walker. We have chosen θ = π/2.4, i.e., a large value of θ. From this figure, we see that the Dirac Hamiltonian and the exact quantum walk dynamics result in strikingly different evolutions. The cat-state-like distribution persists for large θ in the exact quantum walk evolution where Dirac description predicts only dispersed wave function.
In the following, we show that the evolved states achieved for an arbitrary θ and the state |Ψ(t) (19) achieved in the small θ limit are qualitatively the same. In order to see that, first, we notice that the state |Ψ(t) in Eq. (19) is highly entangled and the wave-packets corresponding to the orthogonal states of the coin are nondispersive and propagate in the opposite directions. Dirac, n = 300 Dirac, n = 500 n = 100 n = 300 n = 500
The comparison between the exact quantum walk evolution (the dashed line) and the evolution using the Dirac Hamiltonian (the solid line) for large values of θ (θ = π/2.4 = 75
• ). This figure shows the spread in the width of the Gaussian in the case of the Dirac evolution but almost no spread in the exact quantum walk evolution.
In Fig. 3a we plot the entanglement in the state |Ψ(t) de between the coin and the walker. The entanglement is calculated by first calculating the reduced density matrix of the coin (or the walker) and then calculating the von-Neumann entropy of the reduce density matrix [64] . In this figure, we can see that the entanglement approaches the maximum value after sufficiently long time. In Fig. 3b we plot the distribution for the states of the walker corresponding to the two orthogonal states of the coin, which are calculated by diagonalizing the reduced density matrix of the coin. Clearly the two wave-packets are moving in the opposite directions. The maximum entanglement along with the purity show that the state |Ψ(t) de must have the form
where the states |X(t) and |X ⊥ (t) represent the two non-overlapping wave-packets and |φ(t) and |φ ⊥ (t) are the orthogonal states of the coin.
In Fig. 3c , we demonstrate the effect of the width of the initial state on the spreading of the wave-packet. Here we plot the normalized width of the evolved Gaussian wave-packet σ(t)/σ(0) at a very large time t = 400 steps as a function of the initial width σ(0). This plot shows that the normalized width of the Gaussian approaches the value 1 as we increase the width of the initial wavepacket. In the inset we plot the time evolution of the width of the Gaussian wave-packets σ(t). We choose θ = π/4 and the width of the initial Gaussian to be σ = 3, 7, 11, 15. These two plots combined confirm that the spreading of the wave-packet decreases as the width of the initial state is increased.
Another method to verify the coherence in the two wave-packets in the evolved state |Ψ(t) de is by studying . 3 . In this figure we summarize the numerical evidence in favour of the cat states in one dimensional DTQW. Here we have chosen the parameter θ = π/4 and the width of the Gaussian σ ≈ 10, unless specified explicitly. In Fig. (a) we plot the entanglement between the coin and the lattice as a function of time for different values of θ. The entanglement is calculated by calculating the von-Neumann entropy of the reduced density matrix of the coin. In Fig. (b) we show the macroscopically distinct states of the walker propagating in the opposite directions. The two macroscopically distinct states correspond to the states |X and |X ⊥ introduced in Eq. (20) . Here the solid curves are the Gaussian moving towards the right and the dashed curves are the Gaussian moving towards the left. (c) Here we plot the normalized width of the Gaussian after 400 steps, i.e., σ(400)/σ(0) against the initial width of the Gaussian σ(0). In the inset we show the time evolution of the width of the Gaussian for different initial width. Clearly, as we increase the width of the initial wave-packet the normalized width of the Gaussian at large times saturates to the value 1. In other words, increasing the initial width suppresses the spreading of the wave-packet. the probability distribution of the walker in the momentum space after projecting over an appropriate state of the coin. This can be done as follows: if the states |X(t) and |X ⊥ (t) are coherent Gaussian states that have the form
with the mean at ±n t and the width σ, then the Fourier transform of these states read
Thus, the state |Ψ(t) de in the momentum basis reads
(23) After projecting the state Ψ t on the coin state |χ ′ c , the state of the walker reads
where
Note that, |Ψ in (24) represents a state of the walker which is a superposition of two Gaussians in the position space centred around ±n t . Thus, the state |Ψ itself is a cat state as it contains a coherent superposition of two macroscopically distinct states. For α = β, the probability distribution corresponding to |Ψ in the momentum space will be a product of a Gaussian and cos 2 n t k. For an appropriate choice of |χ ′ c one can acquire α = β. Thus, the presence of the fringes in the momentum space probability distribution signifies the coherence in the two Gaussian probability distributions in the evolved state of the quantum walk. In Fig. 4 we plot the probability distribution for the state |Ψ in the momentum space. The clear presence of the fringes in the plot ensures that the two Gaussian probability distributions in the evolved state of the walker are coherent, thus; the evolved state is a cat state. Until now we have considered only those cases when the initial state of the walker is centred around k = 0; therefore, the average momentum of the walker is small. What happens when the initial state is a Gaussian but not centred at k = 0? In Fig. 5 we plot the probability distribution for different initial states. Here we consider the initial state of the walker to have a Gaussian probability distribution and the mean value of the momentum to be 0 ≤ k 0 ≤ π/2. From Fig. 5 it can be seen that we get perfect cat states only when k 0 ≈ 0.
In this section, we have shown that the delocalized initial states of a quantum walker evolve to form the cat states. This result is independent of the coin parameter θ. However, the formation of the cat states strongly depends on the mean value of the momentum in the initial state. So far our analysis was based only on numerical results. In the following section, we present the analytic description for the formation of the cat states in quantum walks for the entire range of θ including the large θ regime where the Dirac Hamiltonian does not comply.
IV. ANALYTIC APPROACH TO CAT STATES IN QUANTUM WALKS
The numerical results, although compelling, do not give us the real physics behind the formation of the cat states in the quantum walks. In this section, we present the reasons behind the formation of the cat states in the quantum walk.
An important result in the previous section is that the cat states are formed due to the delocalized initial states that are centred around zero momentum. It suggests that the low-momentum behaviour of the quantum walks is responsible for the formation of the cat states. Furthermore, from the small θ limit of the quantum walk Hamiltonian, i.e., Dirac Hamiltonian, we can see that the linear dispersion relation and the momentum-independent eigenvectors of the Hamiltonian cause the formation of the cat states.
Interestingly, for small values of the momentum k the Hamiltonian H(k) in Eq. (9) also has linear dispersion even though the Hamiltonian H(k) itself is non-linear in k (see Appendix A for detailed calculations)
In other words, the energy E ± (k) does not have second order terms in k and for small values of k (say k < π/20) the k 3 terms can be neglected, hence, giving rise to linear dispersion relation.
Furthermore, the eigenvectors |u ± (k) of the Hamiltonian H(k) depend weakly on the momentum k for small values of k (see Appendix A)
Eq. (27) along with the linear dispersion relation is responsible for the formation of the cat states. This can be understood as follows: if we start with a delocalized state Ψ (0)
de of the walker
which has a Gaussian spread in the momentum space, centred around k = 0 and having the width δ < π/20, and the coin state |χ c , then the evolved state at time t reads
where a ± (k) = u ± (k) | χ c . Now projecting the state Ψ (t) on the coin state |χ c results in state of the walker
The state |Ψ mom in (30) is the same as the state |Ψ in (24) with α = |a − | 2 , β = |a + | 2 and δ = 1/σ, and in the position space |Ψ mom represents a state which is in a superposition of two Gaussians centred around ±t cos θ. Hence, |Ψ mom represents a cat state.
Alternatively, if |a − (k)| 2 = |a + (k)| 2 and independent of k then the probability distribution corresponding to the state |Ψ mom in the momentum space is a product of a Gaussian and cos 2 E − (k)t. This means the probability distribution corresponding to the state |Ψ mom has fringes exactly like the one in Fig. 4 
where ϕ is a free parameter. This class satisfies the relation
This completes our proof that the Hamiltonian H(k), and hence the one-dimensional DTQW, gives rise to the cat states. Let us emphasize that the linear dispersion (26) does not mean that the Hamiltonian is linear. In fact in our case, if we truncate the Hamiltonian H(k) to the first order in k, then we will not get the linear dispersion relation for large values of the parameter θ. The O(k 2 ) terms in the Hamiltonian H(k) make the dispersion relation linear. Another interesting point to note is that the energy E ± (k) (26) is a constant for two exceptional values of the θ, i.e., for θ = π/2 and θ = 3π/2 the energy E ± (k) is independent of the momentum k. Therefore, at these values of θ the quantum walk does not evolve and hence we can not realize the cat states.
To summarize, we have shown that the formation of the cat states is due to the linear dispersion relation and the weak dependence of the eigenvectors of the quantum walk Hamiltonian on the momentum k. In the following section, we analyze the effect of decoherence on the cat states in quantum walks.
V. EFFECT OF THE ENVIRONMENTAL INTERACTIONS ON THE CAT STATES
The discussion of the cat states is incomplete without considering the effects of the environmental interactions with the quantum system. Cat states are highly susceptible to their surroundings. Therefore, establishing the feasibility of forming cat states in a quantum system interacting with a bath is important. In this section, we study the effect of amplitude damping, bit-flip and pure dephasing on the quality of the cat states. The amplitude damping and the bit-flip baths act only on the coin, whereas the pure dephasing type bath can act on the coin, on the walker and on both the coin and the walker together. We consider all the scenarios in our analysis.
The action of a pure dephasing type bath on a given density matrix ρ can be defined by the relation [65] [66] [67] 
Here η characterizes the strength of the bath, η = 0 implies no interaction with the bath. The function diag(ρ) Here the amplitude damping and the bit-flip baths are acting on the coin, whereas the pure dephasing type bath is acting only on the walker. The value of η is set to be 0.01. In the inset we plot the probability distribution of the walker after 250 steps for different values of η.
keeps the diagonal elements of the matrix ρ and discard all the off-diagonal elements.
The transformation of a given density matrix ρ under the influence of the amplitude damping bath and the bit-flip bath can be written using the Kraus operators
The Kraus operators {M 0 , M 1 } ≡ {A 0 , A 1 } for the amplitude damping bath can be written as
and {M 0 , M 1 } ≡ {B 0 , B 1 } for bit-flip bath as
We incorporate the effect of these baths in our evolution by applying the superoperatorV (orV d for pure dephasing) after every step of the quantum walk. In Fig. 6 , we plot the spread of the walker over the lattice in the presence of all these baths. Interestingly, we still get the bimodal distribution with an additional residual probability between the two peaks. For the case of amplitude damping bath (the blue solid curve) the evolution is not symmetric. This is due to the fact that in amplitude damping one state of the coin is favoured over the other. Therefore, the walker prefer to move in one direction over the other. The bimodal feature of the probability distribution of the walker is preserved even for strong environmental interactions (see inset of Fig. 6 ). Although the evolved state in the presence of noise has a similar bimodal distribution as in the case of pure states (without noise), the coherence in the two cases can be very different. To quantify the coherence in the evolved state of the walker we can calculate the revival fidelity of the evolved state upon reversing the dynamics using a physical operation [18, 68] . If the state of the walker remains pure in the evolution then the walker can regain its original state by reversing the dynamics. However, if the walker loses the purity in the evolution then the revival is not perfect.
To quantify the coherence, first, we need to devise an operation that can reverse the dynamics of the quantum walk. In our numerical calculations, we find that the Pauli spin operator σ y acting on the coin state of the walker can be used to reverse the direction of propagation of the walker if the initial state of the walker is delocalized.
Using the σ y operator we can calculate the revival fidelity as follows: we first evolve the initial delocalized state of the walker for time T in the presence of the bath. At this point, we reverse the dynamics by applying the σ y operator on the coin. We again evolve the state for time T in the presence of the bath followed by σ y operation. Now we can calculate the fidelity between the evolved state ρ(2T ) and the initial state |Ψ(0) de as
High values of the revival fidelity r signifies high amount of coherence in the state.
In Fig. 7 we plot the revival fidelity in the quantum walk evolution for various values of θ in the absence of noise. Here we apply the σ y operation after T = 97 steps. Till then the fidelity between the evolved state and the initial state decreases monotonically. After we Revival fidelity of the quantum walk under the action of amplitude damping (blue solid curve) and bit-flip (red dotted curve) on the coin and pure dephasing (green circles) on the walker. The reversal operation σy is applied at time T = 250 steps. Thus, the total evolution is for 500 steps. In the inset we plot the revival fidelity when the pure dephasing bath is applied only on the coin (magenta squares), only on the walker (green circles) and on both (red dots).
apply the dynamic-reversing operation, the fidelity starts increasing which acquire the maximum value 1 at 2T = 194 steps. From this plot it is clear that the system regains its initial state with high fidelity, thus, confirming the high coherence in the state.
In Fig. 8 we plot the revival fidelity as a function of the bath strength η for all three types of baths. Here we have chosen T = 250 steps, thus, the total evolution is for 2T = 500 steps. This figure shows that we can achieve a very high revival fidelity for small η (η ≈ 0.001). If we choose T to be smaller then the revival fidelity can be high even for stronger bath interactions. Another important point to observe is that the cat states in the amplitude damping bath (solid blue curve) seem to do better than the bit-flip (red dotted curve) and the pure dephasing bath (green circles). In the inset we can see the effect of applying pure dephasing only on the coin, only on the walker and on both. Clearly, when the bath is acting only on the coin space the cat states can survive longer than when the bath acts on the walker or on the combined walker plus coin space. Overall Fig. 8 suggests that the cat states with significant separation between the two components in the bimodal distribution should be possible in the physical implementations of quantum walks.
VI. CONTROLLING THE CAT STATES IN OAM IMPLEMENTATION OF QUANTUM WALKS
In this section, we consider the optical implementation of the one-dimensional quantum walk which we introduced in Sec. II C. In this implementation, the quantum walk is performed over the OAM space of light. Here we propose a method to manipulate and control the separation between the two distinct components in the cat state.
The first requirement to realize a cat state in a onedimensional quantum walk is the delocalized (Gaussian) initial state. The Gaussian initial state in the OAM implementation of the quantum walk can be constructed, simply, by using a spatial light modulators (SLM) [56] . An SLM is a device that can manipulate the transverse phase and the amplitude of a light beam. Since the OAM of light is due to the azimuthal phase profile in the transverse plane, SLM is the perfect device to achieve an arbitrary superposition of the OAM states. In order to create a delocalized initial state in the OAM basis a phase hologram is displayed on the SLM device. A plane wave is reflected from this device which acquires the transverse state corresponding to the phase hologram. Thus, by using a spatial light modulator and using the scheme presented in Ref. [56, 58] we can form the cat states in the optical quantum walks.
After realizing the cat state, the next step is to control the separation between the macroscopic states of the walker. In Sec. II A we have seen that the application of the momentum shift operator F m in a one-dimensional DTQW causes a periodic revival of the initial state of the walker. The walker regains its initial state after 2p number of steps where the number p = 2π/Φ is related to the parameter of the operator F m .
We use the same F m to stabilize the cat state in the quantum walks. In order to stabilize the cat state at time t, first, we evolve the initial Gaussian state of the walker for time t using the quantum walk propagator Z (3). The evolved state |Ψ(t) reads
(38) At time t we introduce the momentum shift operator F m in the quantum walk with a certain value of p. Due to the momentum shift operator the state of the walker starts oscillating, recovering the state |Ψ(t) periodically after the time period 2p. Hence, we can preserve the cat state |Ψ(t) for a long time. The only obstacle in preserving the cat states is the decoherence. Now if we want to increase the separation between the two Gaussian wave-packets of the cat state |Ψ(t) , then we remove the operator F m after a time period which is an integer multiple of 2p. On the other hand, if we want to decrease the separation between the two Gaussian wave-packets we remove F m after 2np followed immediately by one-time application of σ y operation. Hence, by introducing the F m and the reversal operation σ y we can control and manipulate the cat states in the quantum walks.
In Fig. 9 we show the numerically calculated revival fidelity of the cat states. Here we have evolved the delocalized initial state for 100 steps. Then we apply F m for n × 2p number of steps. We remove the operator F m and apply the quantum walk reversal operation σ y and Here we plot the revival fidelity of the cat state after the experiencing electric field for n × 2p. Here the width of the delocalized initial state is σ = 9 and the time of evolution is t = 100 steps.
evolve the system for 100 steps and calculate the fidelity with the initial state. Here n is an integer between 1 and 100. We can see that for sufficiently large values of p the revival fidelity converges to the value 1.
The action of the operator F m can be implemented in the OAM quantum walk by means of a Dove prism [69] . The action of the dove prism on the OAM states of light can be written as
where ϕ is the angle of rotation of the dove prism along the propagation axis of the light beam. Thus, two dove prisms in a sequence with angles ϕ/4 and −ϕ/4 can implement the action of the operator F m (4) with Φ = ϕ. The final component required to achieve the complete control over the cat states in one-dimensional quantum walks is the reversal operation σ y . In the current scheme, this operation can be achieved by simply using a halfwave plate that has the fast axis parallel to the horizontal axis.
Although, we can realize the F m and the σ y operations using a dove prism and a half-wave plate, respectively, the real difficulty is in applying these operators at a given time t and for a desired duration. To achieve this we can use optical switches in the quantum walk setup [70] . The role of an optical switch is to direct the light beam in a particular path that can be selected dynamically. Thus, by using optical switches we can make the light beam in the OAM quantum walk setup to pass through the free space which will result in the normal quantum walk. At time t we can trigger the optical switch to make the light beam pass through the dove prism which will restrict the spread of the state of the walker. We can again trigger the switch at any desired time so that the beam again pass through the free space or though the third path which contains the half-wave plate. Hence, by using optical switchs, dove prisms and a half-wave plate we can gain total control over the cat states in onedimensional quantum walks.
To summarize, we have discussed an optical scheme to manipulate and control the cat state in OAM quantum walks using linear optical devices half-wave plates and dove prisms, and optical switches.
VII. CONCLUSION
In conclusion, we have proposed a method to prepare cat states in quantum walk setups using delocalized initial states. Our method is system-independent and works for the entire range of the parameter θ. We have also studied the effects of environmental interactions on the cat states and demonstrated that large separation in the cat states is possible even in the presence of noise. Finally, we have presented a method to control and manipulate the cat states in optical systems.
The formation of the cat states in one-dimensional DTQW yields an interesting class of small-momentum Hamiltonians that, despite being non-linear in the momentum, possess linear dispersion relation. Both quantum walks and cat states have been used to describe the coherent energy transfer in photosynthesis [35, 36, [40] [41] [42] 71] . The current proposal of preparing cat states using quantum walks threads the two concepts together, which might also contribute to a better understanding of the underlying physics of photosynthesis. the effective quantum walk Hamiltonian takes a slightly more complicated form which, is the truncated 1st-order Hamiltonian H (1) for quantum walks H (1) = − cos θ k cos θ +
